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ABSTRACT 

A method is developed for the determination of sub- 

optimal control laws for nonlinear dynamical systems. The 

control laws determined by use of this method are in time 

invariant, feedback form and approximately minimize a per- 

formance index which fs the integral of a positive definite 

function of the state plus a quadratic function of the control. 

The basis of the proposed technique is a method for the 

determination of approximate solutions for the associated 

Hamilton-Jacobi-Bellman equation. The method is applied to 

three examples, and the results are shown to compare favorably 

with those obtained by use of o t h e r  suboptimal control procedures. 

The method developed in this paper is applicable, in a prac- 

tical sense, to systems of higher than second order and seems 

to hold promise as a means for solving a large class of 

optimization problems, 



SOME APPROACHES TO SUBOPTIMAL 
FEEDBACK CONTROL OF NONLINEAR SYSTEMS 

1. I N T R O D U C T I O N  

Many s t u d i e s  concern ing  systems which are op t ima l  i n  

some s e n s e  have appeared  i n  t h e  l a s t  s e v e r a l  years .  However, 

much of t h e  l i t e r a t u r e  has  dea l t  w i t h  t h e o r e t i c a l  a s p e c t s  o f  

t h e  op t ima l  c o n t r o l  problem, and compara t ive ly  f e w  d i r e c t  

a p p l i c a t i o n s  of t h e  t h e o r y  to t h e  s y n t h e s i s  of feedback c o n t r o l  

systems have been p r e s e n t e d .  The purpose of t h i s  pape r  i s  to 

p r e s e n t  t h e  r e s u l t s  o f  a s t u d y  of a c l a s s  o f  o p t i m i z a t i o n  

problems d i r e c t l y  r e l a t e d  to t h e  d e s i g n  of r e g u l a t o r  t y p e  

c o n t r o l  sys t ems ,  

The s y n t h e s i s  of approximate ly  op t ima l  feedback 

c o n t r o l s  for dynamical  s y s t e m s  governed by o r d i n a r y  n o n l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s  i s  cons ide red .  For most n o n l i n e a r  

systems i t  i s  Imposs ib l e  to a n a l y t i c a l l y  de te rmine  t h e  e x a c t  

op t ima l  c o n t r o l  l a w ;  consequen t ly ,  t h e  d e s i g n e r  i s  f a c e d  w i t h  

t h e  task o f  s y n t h e s i z i n g  a subopt imal  c o n t r o l .  S e v e r a l  methods 

for de te rmin ing  approximate ly  op t ima l  feedback c o n t r o l  laws 

for n o n l i n e a r  systems have been proposed .  The advantages  

and l i m i t a t i o n s  o f  s e v e r a l  of t h e  more s u c c e s s f u l  of t h e s e  

methods are d i s c u s s e d  and a new t echn ique  which i n  c e r t a i n  

c a s e s  appea r s  to p o s s e s s  advantages  ove r  e x i s t i n g  methods 

i s  p r e s e n t e d .  
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2 .  PROBLEM STATEMENT 

T h i s  s tudy  i s  l i m i t e d  to c o n t r o l l a b l e  dynamical  s y s t e m s  

governed by 

x - - -  dx - f ( x )  + Bu, f ( 0 )  = 0 
d t  

x ( 0 )  = xo 

where t h e  x , t h e  s t a t e ,  i s  an  n-vec tor  and u,  t h e  c o n t r o l ,  

i s  an m-vector .  

of t h e  system, and B i s  a mxn m a t r i x  of c o n s t a n t s .  The 

op t ima l  c o n t r o l  problem a s s o c i a t e d  w i t h  t h i s  dynamical  system 

i s  t h e  d e t e r m i n a t i o n  of t h e  c o n t r o l  which w i l l  t r a n s f e r  t h e  

i n i t i a l  s t a t e  to some s p e c i f i e d  t e r m i n a l  s e t  about  t h e  o r i g i n ,  

denoted by S ,  and a l s o  minimize t h e  i n t e g r a l  performance 

c r i t e r i o n  

The c o n s t a n t  v e c t o r ,  x o ,  i s  t h e  i n i t i a l  s t a t e  

T 

where g ( x )  0 ,  x # 0 and g ( 0 )  = 0 ,  and t h e  mxn m a t r i x  R i s  

symmetric and p o s i t i v e  d e f i n i t e .  A prime denotes  t h e  t r a n s p o s e  

of  a m a t r i x .  

The subopt imal  c o n t r o l  problem a s s o c i a t e d  w i t h  t h e  

dynamical  system d e f i n e d  by (1) and t h e  performance c r i t e r i o n  

( 2 )  i s  t h e  d e t e r m i n a t i o n  of a c o n t r o l  which s a t i s f i e s  t h e  

f o l l o w i n g  p r o p e r t i e s :  t h e  c o n t r o l  must t r a n s f e r  t h e  i n i t i a l  s t a t e  
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to S, t h e  c o n t r o l  i s  a f u n c t i o n  o f  t h e  p r e s e n t  s t a t e  of t h e  

s y s t e m  on ly ;  i . e . ,  i t  i s  i n  a t i m e - i n v a r i a n t ,  feedback  form, 

and t h e  c o n t r o l  i s  c l o s e  to the o p t i m a l  i n  some s e n s e  f o r  a s e t  

o f  i n i t i a l  s t a t e s .  I n  t h e  p r e s e n t  work a c o n t r o l  i s  c o n s i d e r e d  

c l o s e  to t h e  o p t i m a l  i f  i t  approx ima te ly  sa t i s f ies  t h e  c o n d i t i o n s  

which t h e  o p t i m a l  c o n t r o l  must s a t i s f y .  Obviously t h e r e  may be 

many c o n t r o l s  which s a t i s f y  t h e  above c r i t e r i a ;  however, from 

a p r a c t i c a l  p o i n t  o f  view, t h i s  i s  an advantage  ra ther  t h a n  a 

l i m i t a t i o n  s i n c e  a c o n t r o l  can be chosen which b e s t  sa t i s f ies  

c r i t e r i a  such  as ease of imp lemen ta t ion ,  r e l i a b i l i t y ,  and o t h e r  

i m p o r t a n t  d e s i g n  c r i t e r i a .  

3. OPTIMAL CONTROL 

Three t e c h n i q u e s  which have r e c e i v e d  t h e  most a t t e n t i o n  

are t h e  c a l c u l u s  o f  v a r i a t i o n s ,  P o n t r y a g i n ' s  maximum p r i n c i p l e ,  

and t h e  Hamilton-Jacobi-Bellman approach .  Under a p p r o p r i a t e  

assumpt ions  on (1) and ( 2 ) ,  each  o f  these three  methods g i v e s  

enough i n f o r m a t i o n  t o  de t e rmine  t h e  o p t i m a l  c o n t r o l .  I n  what 

f o l l o w s  w e  s h a l l  c o n s i d e r  on ly  t h e  l a t t e r  two approaches  s i n c e  

t h e  c a l c u l u s  of v a r i a t i o n s  and t h e  maximum p r i n c i p l e  are similar 

i n  a p p l i c a t i o n .  

The minimum (or maximum) p r i n c i p l e ,  as developed  b y  

P o n t r y a g i n ,  e t .  a l .  [l], g i v e s  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  

o p t i m a l  c o n t r o l .  The o p t i m a l  c o n t r o l ,  u*,  i s  c h a r a c t e r i z e d  by 

the  e x i s t e n c e  o f  a v e c t o r ,  p ,  such  tha t  t he  Hamil tonian  f u n c t i o n  



H(x,p ,u)  = g ( x )  + u'Ru + p l f ( x )  + p'Bu ( 3 )  

i s  a minimum when u ( t )  = u % ( t ) .  I n  a d d i t i o n ,  t h e  s ta te  x and 

t h e  v e c t o r  p s a t i s f y  t h e  f o l l o w i n g  s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  

(4) a H  
aP 

j, = - - ( x , p , u % )  , x ( 0 )  = xo 

( 5 )  a H  6 = -=(x,p,u*)  , p ( T )  i s  normal  t o  S . 

S i n c e  t h e  boundary c o n d i t i o n s  on (4) and ( 5 )  are s p e c i f i e d  a t  

d i f f e r e n t  t imes,  s o l u t i o n  o f  t h e s e  e q u a t i o n s  may be d i f f i c u l t ,  

even by numer i ca l  means. 

A g e n e r a l i z a t i o n  o f  t h e  c l a s s i c a l  Hamil ton-Jacobi  

t h e o r y  p r o v i d e s  a somewhat d i f f e r e n t  approach  to t h e  o p t i m i z a t i o n  

problem, and g i v e s  s u f f i c i e n t  c o n d i t i o n s  f o r  o p t i m a l i t y .  If t h e  

minimum of  t h e  Hamilton f u n c t i o n  ( 3 )  w i t h  r e s p e c t  to u o c c u r s  

when u = k ( x , p )  and i s  deno ted  by H ( x , p ) ,  and i f  t h e r e  i s  a 

t w i c e  c o n t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n ,  V ( x , t ) ,  s a t i s f y i n g  

+ H ( x , S )  = 0 , V = O  on S a t  

d e n o t e s  t h e  g r a d i e n t  of  V ( x , t )  ) , t h e n  t h e  o p t i m a l  c o n t r o l  (E 
i s  g i v e n  by 



5 

Thus, i t  i s  n e c e s s a r y  to s o l v e  a f i rs t  o r d e r ,  pa r t i a l  d i f f e r e n t i a l  

e q u a t i o n  which i s  i n  g e n e r a l  n o n l i n e a r .  D i s c u s s i o n s  o f  t h i s  

approach  are found i n  [2,3,12]. 

4 .  SUBOPTIMAL CONTROL 

The o p t i m a l  c o n t r o l  o b t a i n e d  by e i t h e r  of t h e  above 

approaches  w i l l  r a r e ly  be  i n  t i m e - i n v a r i a n t  feedback  form, and 

i n  most c a s e s  a n a l y t i c a l  computa t ion  o f  t h e  o p t i m a l  c o n t r o l  l a w  

i s  i m p o s s i b l e .  Thus, t h e  d e s i g n e r  i s  f a c e d  w i t h  t h e  d e t e r m i n a t i o n  

o f  a subop t ima l  c o n t r o l .  The methods which have been proposed  

i n  t h e  l i t e r a t u r e  f o r  o b t a i n i n g  s o l u t i o n s  to the  subop t ima l  c o n t r o l  

problem o u t l i n e d  above are e s s e n t i a l l y  methods f o r  o b t a i n i n g  

approximate s o l u t i o n s  to t h e  e q u a t i o n s  co r re spond ing  to e i t h e r  

(4) and ( 5 ) ,  or ( 6 ) .  S e v e r a l  r e p r e s e n t a t i v e  methods which 

have been used  to o b t a i n  subop t ima l  c o n t r o l  laws s a t i s f y i n g  t h e  

d e s i r e d  p r o p e r t i e s  are d i s c u s s e d .  The methods which are 

c o n s i d e r e d  are ( a )  l i n e a r i z a t i o n ,  ( b )  parameter o p t i m i z a t i o n ,  

( c )  e q u i v a l e n t  l i n e a r i z a t i o n ,  and ( d )  p e r t u r b a t i o n .  

a .  L i n e a r i z a t i o n  The n o n - l i n e a r  dynamical  sys t em (1) 

i s  approximated  by a l i n e a r  s y s t e m  o f  t h e  form 

x = Ax + Bu x ( 0 )  = xo ( 8 )  

where A i s  a nxn c o n s t a n t  m a t r i x .  The performance c r i t e r i a  

( 2 )  i s  approximated by 
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T 

0 
J ( X o , u , s )  = f (x 'Qx+u 'Ru)dt  ( 9 )  

where Q i s  a c o n s t a n t  nxn, symmetric,  p o s i t i v e - d e f i n i t e  m a t r i x .  

The o p t i m a l  c o n t r o l  f o r  ( 8 )  and ( 9 )  can be de te rmined  i n  feedback  

form by u s i n g  e i t h e r  t h e  maximum p r i n c i p l e  or t h e  Hamil ton-Jacobi-  

Bellman e q u a t i o n .  The r e s u l t i n g  c o n t r o l  i s  g i v e n  i n  [ 4 ]  as 

where 

u = - R - ~ B ' P ~  

P s a t i s f i e s  

6 + PA + A ' P  - P B R - ~ W P  + Q = o , P ( T )  = 0 . (11) 

However, P i s  a f u n c t i o n  o f  t i m e ,  and t h u s  u i s  n o t  t i m e  

i n v a r i a n t ,  T h i s  c o n t r o l  can be made t ime  i n v a r i a n t  i n  two 

ways .  F i r s t ,  as T approaches  i n f i n i t y ,  i t  can be shown that 

6 approaches  z e r o ;  t h e r e f o r e ,  i f  T i s  l a r g e  t h e  s o l u t i o n  to 

t h e  a l g e b r a i c  m a t r i x  e q u a t i o n  

PA + A ' P  - P B R - ~ B ~ P  + Q = o ( 1 2 )  

can be  used  as t h e  c o n s t a n t  m a t r i x  P i n  ( 1 0 ) .  Second, t h e  s o l u t i o n  

of (ll), P(t) can  be averaged  o v e r  t h e  c o n t r o l  i n t e r v a l  [O,T] 

i n  t h e  f o l l o w i n g  manner 

- T 
p = -  f P ( t ) d t  a 

T O  
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Thus, t h e  c o n t r o l  o b t a i n e d  by u s i n g  a c o n s t a n t  m a t r i x ,  de te rmined  

by  e i t h e r  ( 1 2 )  or (131, may be  employed as a subop t ima l  c o n t r o l  

for t h e  n o n l i n e a r  system (1) and ( 2 ) .  

b .  Parameter Op t imiza t ion .  S e v e r a l  parameter o p t i m i z a t i o n  

schemes have been proposed ,  One approach  [5]  has been to assume 

a f i x e d  form f o r  t h e  c o n t r o l  c o n t a i n i n g  an  a r b i t r a r y  c o n s t a n t  

v e c t o r  b ,  i .e o ,  

u = k ( x , b )  

and t h e n  de te rmine  t h e  v a l u e  of b f o r  which ( 2 )  i s  minimized. 

Using the  minimum p r i n c i p l e ,  one must s o l v e  t h e  e q u a t i o n s  

co r re spond ing  to ( 4 )  and ( 5 )  for some f i x e d  xo. 
A s imi l a r  approach  has been c o n s i d e r e d  i n  C61. However, 

i n s t e a d  o f  d i r e c t l y  choos ing  a form for t h e  c o n t r o l  of a 

s o l u t i o n  t o  e q u a t i o n  (6), denoted  by V ( x , b ) ,  i s  assumed which 

i n v o l v e s  an unknown c o n s t a n t  v e c t o r  b .  S e v e r a l  methods are 

s u g g e s t e d  i n  [6 ]  f o r  choos ing  b s o  tha t  ( 6 )  i s  n e a r l y  s a t i s f i e d .  

Again t he  cho ice  of b depends on a p a r t i c u l a r  i n i t i a l  s t a t e .  

Both of t h e s e  parameter o p t i m i z a t i o n  methods have t h e  d i s -  

advantages  t h a t  t h e  problem o f  d e t e r m i n i n g  t h e  minimiz ing  

v a l u e  o f  b i s  n e a r l y  as d i f f i c u l t  as t h e  o r i g i n a l  problem, 

and t h e  v a l u e  of b depends on t h e  i n i t i a l  s ta te .  

c ,  E q u i v a l e n t  L i n e a r i z a t i o n .  T h i s  approach  i s  based 

on t h e  f a c t  t h a t  t h e  l i n e a r  problem w i t h  q u a d r a t i c  performance 

c r i t e r i a  ( 8 )  and ( g ) ,  can be s o l v e d  e x a c t l y  as i n d i c a t e d  i n  ( a ) .  
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The n o n l i n e a r  system (1) i s  approximated by 

2 = A(x)x  + Bu , x ( 0 )  = xo , 

performance c r i t e r i a  ( 2 )  i s  approximated by 

where Q i s  symmetr ic .  A subop t ima l  c o n t r o l  i s  o b t a i n e d  from 

( 1 0 )  A,  Q ,  P a r e  n o t  c o n s t a n t  b u t  are f u n c t i o n s  o f  x .  Thus, 

u = - R - ~ B ~ P ( X ) X  

where P ( x )  s a t i s f i e s  

(17) 

+ Q ( x )  = 0 . 

An a p p l i c a t i o n  o f  t h i s  approach  i s  g i v e n  i n  [TI. 
d .  P e r t u r b a t i o n .  Another approach  f o r  o b t a i n i n g  a 

subop t ima l  c o n t r o l  i s  by use  of an  approximate  s o l u t i o n  o f  t h e  

Hamilton-Jacobi-Bellman e q u a t i o n  by means o f  power se r ies  

expans ion  [ 8 1 0  The f u n c t i o n s  f ( x )  and g ( x )  are expanded 

i n  a power se r ies  i n  x about  some p o i n t ,  u s u a l l y  x = 0 ,  

g i v i n g  
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m 

= Ax + 1 E("-')fn(x) + Bu 
n=2 

m m 

g,(x) + u'Ru]dt J C x O , ~ , S I  = 1 C X ' Q X  + 1 E (n-2)  
0 n=3 

where f n ( x )  i s  a v e c t o r  w i t h  components which are polynomia ls  

i n  x o f  d e g r e e  n, and g n ( x )  i s  a l s o  a polynomia l  i n  x of 

degree n .  The p a r a m e t e r  E has been i n t r o d u c e d  for bookeeping 

convenience .  

Af te r  m i n i m i z a t i o n  of the  Hamil tonian ,  t h e  Hamilton- 

Jacobi-Bellman e q u a t i o n  i s  

m 
n-1 1 av 1 1 , av  

av'[Ax ax + n=2 1 E f n ( x ) ]  - '4 a x  ax (-) BR- B - + X ' Q X  

m 
n-2 

n=3 

A fo rma l  power s e r i e s  expans ion  f o r  V(x)  i s  assumed, t h a t  i s  

where Vn(x) d e n o t e s  a g e n e r a l  po lynomia l  i n  x o f  d e g r e e  

n w i t h  c o e f f i c i e n t s  as y e t  unknown. A r e c u r r e n c e  r e l a t i o n  f o r  

t h e  unknown c o e f f i c i e n t s  i n  ( 2 2 )  i s  g e n e r a t e d  by s u b s t i t u t i n g  

( 2 2 )  i n t o  ( 2 1 )  and e q u a t i n g  t h e  c o e f f i c i e n t s  o f  E to z e r o .  

The r e s u l t i n g  subop t ima l  c o n t r o l  f o r  some s e t  of i n i t i a l  s ta tes  

i s  g i v e n  by 

n 
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(n-2)  a v n ( X )  1 .  
03 

1-1  
2 ax u = --R B '  [ 1 E 

n= 2 

5. A NEW METHOD 

T h i s  method, c a l l e d  t h e  combinat ion method, i s  based on 

methods ( c )  and ( d ) ,  and seems to have c e r t a i n  p r a c t i c a l  advan tages  

o v e r  t h e  methods p r e v i o u s l y  d i s c u s s e d .  The b a s i c  p rocedure  

c o n s i s t s  o f  approx ima t ing  (1) and ( 2 )  by 

2 = Ax + E f ( x )  + Bu , 

and 

T 
J ( x ~ , u , s )  = I Cx'Qx + Eg(x)  + u ' R u l d t  . 

0 

Again, t h e  b a s i c  idea i s  to o b t a i n  a "good" approximate 

solution to t h e  Hamilton-Jacobi-Bellman e q u a t i o n  by expanding 

V(x)  i n  a power s e r i e s  as i n  ( 2 2 ) .  The e q u a t i o n  t o  be  s o l v e d  

i s  

1 avr -1 ,av - + ='[Ax + ~ f ( x ) I  - '4 - a x  BR B ax + X ' Q X  a t  ax 

+ Eg(X) = 0 . 

Assuming a fo rma l  power ser ies  expans ion  as i n  ( 2 2 )  and e q u a t i n g  

powers o f  E to z e r o ,  
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+ X ' Q X  = 0 1 -1 a v 2  a v; 
a t  + -  ax A X Y E -  BR B ' j y -  5 

1 -1 av3 av; a v; 
BR B'F - T a x  - av3  + - AX + - f ( x )  a t  ax ax 

where in the summation k + R = n + 2. 
Writing f ( x )  = C ( x ) x  and g(x) = x ' D ( x ) x ,  where 

D(x) is symmetric, the previous equations become 

"v2 + -  1 av; B R - ~ B  1 ax aV2 + X ' Q X  = 0 
a v; 

A x - c E - -  a t  ax 

1 av; -1 aV3 av; a v; 
ax ax AX + - C ( X ) X  - -Q ax BR + -  B'F 

"v3 
a t  

a v2 + x ' D ( x ) x  = 0 , BR B ' F  1 av; -1 
- T a x  
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I n  o r d e r  t o  de t e rmine  V2, V 3 , a o o ,  V n , . o o  w e  s o l v e  these 

e q u a t i o n s  s u c c e s s i v e l y ,  t r e a t i n g  t h e  m a t r i c e s  C(x) and 

D(x)  as c o n s t a n t s ,  Each e q u a t i o n  i n  (28), w i t h  t h e  e x c e p t i o n  

of t h e  f i r s t ,  i s  a f i r s t - o r d e r ,  l i n e a r ,  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n .  Although t h e  f i rs t  e q u a t i o n  i s  n o t  l i n e a r ,  i t  i s  t h e  

same e q u a t i o n  as one would o b t a i n  by s o l v i n g  ( 8 )  and ( 9 )  u s i n g  

the Hamilton-Jacobf-Bellman e q u a t i o n .  I n  o r d e r  t o  s o l v e  ( 2 8 ) ,  

assume 

Vn = xtMnx (29) 

where Mn i s  a nxn symmetric m a t r i x ,  to be de termined .  T h i s  

leads t o  t h e  m a t r i x  e q u a t i o n s  

M2 + M ~ A  + A ~ M ~  - M ~ B R - ~ B ~ M ~  + Q = o 

M3 + M ~ ( A - B R - ' - B ~ M ~ )  + (AT-M~BR-~B? ) M  3 

= -M2C-C'M2-D 

kn + M ~ ( A - B R - ~ B w ~ )  + ( A ~ - M ~ B R - ~ B ~ ) M ~  = Q~ 

w i t h  MI(T) = 0 f o r  i = 2 ,  3,  ..., n ,  ... 



The problem o f  o b t a i n i n g  m a t r i c e s  

which are n o t  e x p l i c i t  f u n c t i o n s  o f  t i m e  and which " n e a r l y f 1  

s a t i s f y  ( 3 0 )  can be  approached i n  two ways .  F i r s t ,  Kalman [ 4 ]  

has shown t h a t  t h e  f i r s t  e q u a t i o n  o f  ( 3 0 )  has a unique  p o s i t i v e  

d e f i n i t e  s o l u t i o n  M 2 ( t ) .  For  ny3, ( 3 0 )  i s  a s e t  o f  l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s  and t h u s ,  f o r  each  n ,  M n ( t )  e x i s t s  and 

i s  unfque ,  I n  o r d e r  to de te rmine  c o n s t a n t  m a t r i c e s  which a r e  

c l o s e  approximat ions  to M n ( t )  f o r  each  n ,  t h e  f o l l o w i n g  

t e c h n i q u e  can be used:  

M 2 ,  M 3 , . , . ,  M n , ' " "  

Second, if t h e  f i n a l  t i m e ,  T,  i s  s u f f i c i e n t l y  l a r g e ,  we can 

assume t h a t  Mn = 0 f o r  each  n and ( 3 0 )  r e p r e s e n t s  a se t  o f  

a l g e b r a i c  e q u a t i o n s .  fi, = 0 ,  

t h e  f f r s t  e q u a t i o n  o f  ( 3 0 )  has a unique s o l u t i o n .  I n  a d d i t i o n ,  

t h e  remain ing  e q u a t i o n s  i n  ( 3 0 )  have a unique  s o l u t i o n  f o r  each  

n as demons t r a t ed  by  L e f s c h e t z  [ g ] .  L e f s c h e t z  a l s o  shows tha t .  

i f  Qn i s  p o s i t i v e  [ n e g a t i v e ]  d e f i n i t e ,  t h e n  Mn i s  n e g a t i v e  

[ p o s i t i v e ]  d e f f n f t e ,  Thus, b y  computing Qn i t  i s  p o s s i b l e  to 

de te rmine  t h e  e f f e c t  o f  Mn w i thou t  c a l c u l a t i n g  t h i s  m a t r i x .  

Again, Kalman has shown t h a t  f o r  

Using e i t h e r  of t h e  above approaches ,  a subop t ima l  

c o n t r o l  i s  

m 
1-1 (n-2) a 
2 U = --R B' 1 E - ax [ x ' M ~ ( x ) x I  

n=2 
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I n  g e n e r a l  Mn i s  a f u n c t i o n  o f  t h e  s t a t e ;  t h e r e f o r e ,  u w i l l  

u s u a l l y  be a n o n l i n e a r  f u n c t i o n  of  t h e  s t a t e .  

6 ,  ILLUSTRATIVE EXAMPLES 

S i n c e  t h e  de t a i l s ,  advan tages ,  and l i m i t a t i o n s  o f  the  

v a r i o u s  schemes are b e s t  i l l u s t r a t e d  by  examples ,  t h r e e  n o n l i n e a r  

sys tems are a n a l y z e d ,  Subopt imal  c o n t r o l  laws a r e  d e r i v e d  by 

use  o f  t h e  v a r i o u s  methods o u t l i n e d  above, and t h e  r e s u l t s  

o b t a i n e d  by use  o f  these  l a w s  a r e  compared. The pa rame te r  

o p t i m i z a t i o n  schemes were t e s t e d  u s i n g  i n i t i a l  c o n d i t i o n s  

d i f f e r e n t  from t h o s e  f o r  which t h e  c o n t r o l  l a w  was o r i g i n a l l y  

computed, T h i s  was done i n  o r d e r  to s e e  how w e l l  t h e  c o n t r o l  

laws c a l c u l a t e d  by p a r a m e t e r  o p t i m i z a t i o n  per form f o r  a v a r i e t y  

of  f n i t f a l  c o n d i t i o n s ,  

Example I: Consider  t h e  sys tem d e s c r i b e d  by 

2 . i = u - x  ( 3 3 )  

where u i s  t a  b e  an  a c c e p t a b l e  s o l u t i o n  to t h e  subop t ima l  

c o n t r o l  problem a s s o c i a t e d  w i t h  t h e  m i n i m i z a t i o n  o f  
l oo  2 2 J = - - '  1 

2 i o  ( x  f u  ) d t  f o r  t h e  t a r g e t  s e t  S = R ,  t h e  r e a l  l i n e :  

L i n e a r i z a t i o n  Cons ide r ing  on ly  t h e  l i n e a r  p a r t  o f  
- i n  

1 l*"2 2 
e q u a t i o n  < 3 3 ) ,  = u ,  and the  per formance  i n d e x '  J = - p (x +u ) d t .  

2 o  
From (lo), u = - 2 P ( t ) x  where from (11) 



1 1-e 8 ( 1 - t )  
P ( t )  = --[ ,+,)I ; l+eB(  

a v e r a g i n g  P ( t >  as i n  (131 ,  = 0.345, and t h e r e f o r e  

u = -0.690~ (34)  

Parameter O p t i m i z a t i o n .  The above problem i s  

c o n s i d e r e d  i n  [ S I .  The form of  t h e  c o n t r o l  i s  assumed to be 

l i n e a r ,  u = ax, where a i s  an  unknown c o n s t a n t .  For  an 

i n i t i a l  c o n d i t i o n  x ( 0 )  = 1 0 . 0 ,  t h e  c o n t r o l  i s  found to be  

u = - 0 . 1 0 3 8 ~ .  

E q u i v a l e n t  L i n e a r i z a t i o n .  The d i f f e r e n t i a l  e q u a t i o n  

d e s c r i b i n g  t h e  s y s t e m  i s  r e w r i t t e n  

x = u - ax, a = x . ( 3 5 )  

T h i s  e q u a t i o n  i s  o f  t h e  same form as ( 1 5 )  where A = -a and 

B = 1. I f  R = Q = - , J i s  t h e  same as (16); consequen t ly ,  

from (17) and ( 1 8 )  

1 
2 

u = -[Jx 2 +1-xlx . 

P e r t u r b a t i o n .  Equa t ion  ( 3 3 )  may be r e c a s t  i n  t h e  form 
2 of (19) by n o t i n g  t h a t  A = 0, B = 1, f2(x) = -x , f n  = 0 f o r  

S u b s t i t u t i n g  t h e  V(x) from 1 2<n ,  gn = 0 ,  Q = 2, and R = - 2 .  
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( 2 2 )  i n t o  ( 2 1 )  and e q u a t i n g  t h e  c o e f f i c i e n t s  o f  powers o f  E to 

ze ro ,  t h e  f o l l o w i n g  e q u a t i o n s  are o b t a i n e d  

2 
2 ax 2 

- -(-) 1 av2 t - =  x 0 

av2 av 
x - - - -  3 - 0  av2 2 

ax ax 
a v 2  2 axX - -  a x  

2 
L e t t i n g  v 2 ( x )  = a2x , v3 = a x3  , from e q u a t i o n s  ( 3 7 )  3 

, t h u s ,  from ( 2 3 )  t h e  c o n t r o l  i s  - 1 
3 

- -- 1 
a2 = 2 9 “3 

2 u = - x t x  . 

Combination Method. The  above s o l u t i o n  may be 

improved b y  r e w r i t t i n g  ( 3 3 )  as 

X = U - E E C ~ X ,  a = x .  

The f i r s t  two e q u a t i o n s  o f  ( 2 8 )  are 

2 aV2 1 av2 x - -  -(-) t = 0 a t  2 ax 

3 av av2 dx - (=I(=)  = 0 
3 aV2 av 

a t  ax 
- - -  

( 3 7 )  

( 3 9 )  



2 Assuming V2 = M2x 

and ( 4 1 ) ,  

and V3 = M3x2 and s u b s t i t u t i n g  i n t o  ( 4 0 )  

2 1  
2 M2 - 2M2 + - = 0 , M 2 ( 1 )  = 0 , 

fi3 - 2M2a - 4M2M3 = 0 , M 3 ( 1 )  = 0 . 

S o l v i n g  ( 4 2 )  f o r  M 2 ( t )  and a v e r a g i n g  as i n  (31), 
- - 
M2 = 0.345. S u b s t i t u t i n g  M2 i n t o  ( 4 3 )  and s o l v i n g  

- 
and a v e r a g i n g  M 3 ( t )  ove r  [ O , l l ,  M3  - - - 0.10501. From 

(321, t h e  subop t ima l  c o n t r o l  f o r  E = 1 i s  

( 4 4 )  2 u = - 0 . 6 9 ~  + 0 . 3 1 5 ~  . 

I n  o r d e r  to de te rmine  t h e  e f f e c t i v e n e s s  of  t h e  above 

subop t ima l  c o n t r o l  laws, a d i g i t a l  computer s i m u l a t i o n  o f  t h e  

s y s t e m  was c a r r i e d  out. The r e s u l t s  are summarized i n  T a b l e  1. 

It s h o u l d  be  n o t e d  t h a t  t h e  performance of t h e  v a r i o u s  methods 

depends l a r g e l y  upon t h e  i n i t i a l  c o n d i t i o n  on x .  F o r  an  

i n i t i a l  c o n d i t i o n  of 0 .5 ,  t h e  c o n t r o l  de t e rmined  by t h e  

p e r t u r b a t i o n  method g i v e s  a s u b s t a n t i a l l y  smaller v a l u e  to t h e  

performance i n d e x  t h e n  t h e  c o n t r o l  de te rmined  by t h e  parameter 

o p t i m i z a t i o n  method; however, f o r  an  i n i t i a l  c o n d i t i o n  o f  5 .0 ,  
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-0 69x 

t h e  parameter o p t i m i z a t i o n  method g i v e s  much b e t t e r  r e s u l t s  t h a n  

t h e  p e r t u r b a t i o n  method. The e q u i v a l e n t  l i n e a r i z a t i o n ,  

combina t ion ,  and l i n e a r i z a t i o n  methods a l l  g i v e  good r e s u l t s .  

Choice o f  a c o n t r o l  l a w  f o r  t h i s  problem would p robab ly  be made 

from one of these three methods depending upon t h e  r ange  o f  

i n i t i a l  c o n d i t i o n s  e x p e c t e d  and upon t h e  form of c o n t r o l  d e s i r e d ,  

T y p i c a l  s o l u t i o n s  are compared i n  F i g .  1. I n  F i g .  l a  

t r a j e c t o r i e s  are p l o t t e d  y e r s u s  t i m e  and i t  i s  s e e n  tha t  a l l  

t h e  t r a j e c t o r i e s  are c l o s e  to one a n o t h e r ;  however, i n  Fig.  l b  

where t h e  v a r i o u s  c o n t r o l  laws are p l o t t e d  v e r s u s  t i m e ,  t h e  

.9760 2.5104 

c o n t r o l  laws are shown to vary  c o n s i d e r a b l y .  

I Method 

Parameter 
Opt f m i z a t  i o n  

E q u i v a l e n t  
L i n e a r i z a t i o n  

P e r t u r b  a t  i on 
~ 

Combinat i o n  

L i n e a r  

TABLE 1 

I Performance Index 

I I n i t i a l ,  Cond i t ions  
I 

-0.1038~ 

2 -x + x 

-0.69~ + 0.315~ 1 .0741 I 2.6787 



W 
H 

X ' 3 1 V l S  



t 
0 
0 

0 



Example 2 .  A sys tem governed by an  e q u a t i o n  o f  t h e  

Van de r  Pol t y p e  i s  c o n s i d e r e d ;  t h e  e q u a t i o n s  o f  s t a t e  are 

x1 = x 2  

= (1-x1)x2 2 - x + l-7 

?2  1 ( 4 5 )  

O 0 2 2 2  (x1tx2+u ) d t .  The t a r g e t  and t h e  performance index  i s  J = - 
2 -  

V 

s e t  i s  t h e  o r i g i n .  

The c o n t r o l  laws d e r i v e d  by use  of  t h e  v a r i o u s  methods 

a r e  summarized i n  T a b l e  2 .  The pa rame te r  o p t i m i z a t i o n  s o l u t i o n  

was c a l c u l a t e d  i n  [ 6 ]  for i n i t i a l  c o n d i t i o n s  x ( 0 )  = 1 . 7 5  

and x 2 ( 0 )  = - 2 . 0 ,  

l i n e a r i z a t i o n  i n  [ 7 ] .  The v a l u e s  o f  t h e  performance index  

o b t a i n e d  by use  o f  t h e  v a r i o u s  c o n t r o l  laws a r e  a l s o  p r e s e n t e d  

i n  T a b l e  2 ,  The p e r t u r b a t i o n  scheme g i v e s  t h e  b e s t  r e s u l t s ;  

however, b o t h  t h e  combina t ion  and e q u i v a l e n t  l i n e a r i z a t i o n  

p r o c e d u r e s  g i v e  r e s u l t s  which are a lmost  as good, and t h e s e  

methods i n v o l v e  c o n s i d e r a b l y  less c a l c u l a t i o n  The l i n e a r i z a t i o n  

method a l s o  g i v e s  good r e s u l t s .  On t h e  o t h e r  hand, t h e  

pa rame te r  o p t f m i z a t i o n  t e c h n i q u e  a p p e a r s  to g i v e  t h e  p o o r e s t  

r e s u l t s  and i s  c o m p u t a t i o n a l l y  the most d i f f i c u l t .  

T h i s  problem w a s  a l s o  s o l v e d  by e q u i v a l e n t  

T y p i c a l  s o l u t i o n s  are compared i n  F i g .  2 .  I n  F i g .  

2a, a phase-p lane  p l o t  i s  p r e s e n t e d .  A l l  o f  t he  methods 

e x c e p t  pa rame te r  o p t i m i z a t i o n  g i v e  t r a j e c t o r i e s  which a r e  

s o  c l o s e  to one a n o t h e r  as to b e  i n d i s t i n g u i s h a b l e .  I n  
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Fig .  2b ,  t h e  v a r i o u s  c o n t r o l  laws are p l o t t e d  v e r s u s  t i m e .  It 

i s  s e e n  t h a t  i n  c o n s t r a s t  t o  example 1, the  c o n t r o l s  are c l o s e  

t o  one a n o t h e r ,  and t h e  l a r g e s t  v a r i a t i o n s  o c c u r  i n  t h e  f i rs t  

second o f  o p e r a t i o n .  

T a b l e  2 

C o n t r o l  Law 

- 0 . 4 1 4 ~ ~  
-2.685~~ 

-0.414~ -2.685~~ 
+1.586x,x2 3 
-0. 194x1x2 4 

-0.414~~+[1-~~) 2 

- 4 2 .  828-xflx2 

-1. 422x1-3. 808x2 
+O. 2192x2 3 

-0.414~~ 
-2.685+1.086~,~, 2 

Method 

L i n e a r  

Combination 

E q u i v a l e n t  

L i n e a r i z a t i o n  

Parameter 

O p t i m i z a t i o n  

P e r t u r b a t i o n  

Performance Index 
I n i t i a l  Cond i t ions  
xl=. 5 
x2=. 5 

.8008 

7982 

* 7977 

9194 

e7971 

Xl"l 0 

x2=1. 0 

2.7026 

2.6335 

2.6188 

3.1259 

2.5731 



z a 

I 
I 
I 
I 
I 
I 
I 
i 
I 



z 
0 

n 

3 



2 1  

Example 3 .  The f i n a l  example i s  concerned w i t h  t h e  

s y n t h e s i s  o f  t h e  c o n t r o l  l o g i c . f o r  a r e g u l a t o r  s y s t e m  u s i n g  

a f i e l d - c o n t r o l l e d ,  D-C motor as a source  o f  c o n t r o l  t o r q u e .  

The e q u a t i o n s  govern ing  such  a system are 

'TKV 2 ' 2  - -  @if J O  + C 6  = KT 
.. 

Ra f 

d i f  
+ R f i f  = ef  Lf dt 

where J = moment o f  i n e r t i a  of  t h e  load ,  C = c o e f f i c i e n t  of 

v i s c o u s  damping, 0 = a n g u l a r  v e l o c i t y  o f  l oad ,  E = c o n s t a n t  

v o l t a g e  a p p l i e d  a c r o s s  a rma tu re ,  Ra = armature  r e s i s t e n c e ,  

Rf = f i e l d  r e s i s t e n c e ,  Lf = f i e l d  i n d u c t a n c e ,  if = f i e l d  

c u r r e n t ,  e = v o l t a g e  a p p l i e d  a c r o s s  f i e l d  t e r m i n a l s ,  Kv - - f 

motor  v o l t a g e  c o n s t a n t ,  and KT = motor t o r q u e  c o n s t a n t .  

Usual ly  Ra i s  assumed l a r g e  and t h e  - O i f  term i s  

n e g l e c t e d ;  however, as i s  shown t h i s  term can a f f e c t  

performance and consequent ly  i s  i n c l u d e d  i n  t h e  a n a l y s i s .  

Equat ion  ( 4 6 )  can be w r i t t e n  

'TKV 2 

a R 

5 ,  = x2 

x2 - - -ax2 + dx 2 
3 2 3  + E X  x 

i3 = -Tx3 + bu 

KTE d = -  C where x = 0 ,  x = O, x = if, ef = u,  a = J, 1 2 3 R a J  ' 
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, and b = - . We w i s h  t o  choos u s o  as Rf , T = -  KTKV E = -  

RaJ Lf Lf 
t o  be a s o l u t i o n  t o  t h e  subop t ima l  c o n t r o l  problem a s s o c i a t e d  

w i t h  t h i s  min imiza t ion  o f  J = j(x'Qx+UfRU)dt. 9, i s  a p o s i t i v e  

d e f i n i t e ,  d i a g o n a l  m a t r i x ,  and S i s  t h e  z e r o  v e c t o r .  S i n c e  

01 

0 

t h e  s y s t e m  i s  t h i r d  o r d e r ,  i t  i s  v i r t u a l l y  i m p o s s i b l e  t o  a p p l y  

e q u i v a l e n t  l i n e a r i z a t i o n  and o b t a i n  a n a l y t i c a l  r e s u l t s .  Also,  

t h e  amount o f  work i n  a p p l y i n g  p e r t u r b a t i o n  or parameter 

o p t i m i z a t i o n  t e c h n i q u e s  i s  p r o h i b i t i v e .  Consequent ly ,  t h e  

c o n t r o l  w i l l  be s y n t h e s i z e d  f i r s t  by f i n d i n g  t h e  o p t i m a l  

c o n t r o l  f o r  t h e  l i n e a r  p o r t i o n  of t he  s y s t e m  and t h e n  a p p l y i n g  

t h e  combina t ion  ; technique.  Fo r  t h e  f o l l o w i n g  c h o i c e  o f  

parameters i n  (47), 

R = Q =  0 1 0  , [~ : 3 
and E = 0 . 2 ,  t h e  l i n e a r i z a t i o n  p rocedure  y i e l d s  

u = - 0 . 8 7 2 2 ~ ~  - 2 . 1 2 0 6 ~ ~  - 1 . 0 0 0 ~ ~  . 

Taking i n t o  account  t h e  s y s t e m  n o n l i n e a r i t y  and 

a p p l y i n g  t h e  combina t ion  t e c h n i q u e  
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u = - 0 . 8 7 2 2 ~  - 2 . 1 2 0 6 ~ ~  - 1 . 0 0 0 ~ ~  3 

+ 1.8098x3+9.666x2x;) 3 . 

R e s u l t s  o f  a computer s i m u l a t i o n  o f  t h e  above s y s t e m  

a r e  summarized i n  T a b l e  3. It may be s e e n  t h a t  t h e  combinat ion 

method g i v e s  t he  smallest v a l u e  o f  t h e  performance i n d e x ;  

however, t h e  l i n e a r  c o n t r o l  i s  o f  c o n s i d e r a b l y  s i m p l e r  form. 

From F i g .  3a and F i g .  3b, g r a p h s  o f  a n g u l a r  e r r o r  v e r s u s  t i m e  

and a n g u l a r  v e l o c i t y  e r r o r  v e r s u s  t i m e  r e s p e c t i v e l y ,  i t  i s  

seen  t h a t  t h e  l i n e a r  p rocedure  g i v e s  " c l o s e r "  c o n t r o l ,  b u t  

F i g . - 3 c  shows t h a t  t h e  l i n e a r  method demands a l a r g e r  c o n t r o l  

v o l t a g e  t h a n  does t h e  combina t ion  method. 

PERFORMANCE I N D E X  

I n i t i a l  C o n d i t i o n s  

Method o f  C o n t r o l  

L i n e a r  I . 2293  

Combinat i o n  I . 2288  

x1=.25 x 3 = . l  
x 2 = .  25  

1 . 1 2 9 7  

1 .1259  

4 . 1 9 4 1  

4.0627 

TABLE 3 
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FIELD CONTROLLED 0-C MOTOR 
CONTROL VOLTAGE vs TIME 



7. CONCLUSIONS 

The linearization method gives surprisingly good results 

and is simple in. form. On the other hand, the parameter 

optimization methods give poor values for the performance index 

for initial conditions greatly different from those for which the 

control law was originally computed. The equivalent linearization 

technique gives good results but is extremely difficult to use for 

systems of higher than second order, since for a system of order 

n the technique requires the analytic solution of a set of 
2 
tn nonlinear, algebraic equations. The perturbation method 2 

also gives good results but is computationally unhandy. The 

results given by the combination method compare favorably with 

those obtained by the perturbation and equivalent linearization 

methods, and furthermore, use of the combination method is 

computationalLy feasible for systems of high order. On the 

other hand, the method sometimes gives complex control laws with 

little or no decrease in the performance index when compared to 

the linearization method. In the last analysis, choice of a 

control law depends upon the range of initial conditions 

expected, the simplicity of control law desired, and the 

importance of minimizing the performance index. However, the 

combination method seems to hold promise as a method for solving 

a large class of optimization problems. 

Nothing has been said regarding the convergence 

properties of the various suboptimal control schemes. First, 

little is known about their convergence properties. Convergence 



t o  t h e  o p t i m a l  c o n t r o l  i n  some small r e g i o n  abou t  t h e  o r i g i n  has 

been e s t ab l i shed  o n l y  f o r  t h e  p e r t u r b a t i o n  method. Second, 

convergence i s  n o t  o f  p r imary  impor t ance ,  s i n c e  i n  p r a c t i c e ,  

o n l y  a f e w  terms can  be used  i n  choos ing  t h e  subop t ima l  c o n t r o l .  

An a d d i t i o n a l  p o i n t  t h a t  has n o t  been c o n s i d e r e d  i n  d e t a i l  i s  t h e  

s a t i s f a c t i o n  of t h e  t e r m i n a l  c o n s t r a i n t ,  t ha t  i s ,  t h e  t r a n s f e r  

o f  t h e  s t a t e  to t h e  t a r g e t  s e t .  I n  g e n e r a l ,  t h e  t e r m i n a l  

c o n s t r a i n t  w i l l  n o t  be s a t i s f i ed  f o r  a l l  i n i t i a l  c o n d i t i o n s ,  so  

any subop t ima l  c o n t r o l  would be l i m i t e d  to t he  set  o f  i n i t i a l  

s t a t e s  f o r  which t h e  t e r m i n a l  c o n d i t i o n s i s  s a t i s f i ed .  I n  t h e  

c a s e  where t h e  f i n a l  t ime  approaches  i n f i n i t y ,  t h e  subop t ima l  

c o n t r o l  i s  v a l i d  o n l y  f o r ' i n i t i a l  c o n d i t i o n s  i n  t h e  domain o f  

a sympto t i c  s t a b i l i t y .  

The problem c o n s i d e r e d  i n  t h i s  p a p e r  has been t h e  

t r a n s f e r  of  an  i n i t i a l  s t a t e  t o  some se t  c o n t a i n i n g  t h e  o r i g i n ,  

u s i n g  a feedback  c o n t r o l .  T h i s  problem has many a p p l i c a t i o n s  

i n  i t s  own r i g h t ;  however, t h e  t e c h n i q u e s  which have been 

c o n s i d e r e d  i n  t h i s  p a p e r  are a l s o  a p p l i c a b l e  i n  d e t e r m i n i n g  

a feedback  c o n t r o l l e r  which o p e r a t e s  i n  a neighborhood o f  a 

r e f e r e n c e ,  open-loop o p t i m a l  t r a j e c t o r y  [11]. 
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